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Abstract-In earlier work Coleman, Fabrizio, and Owen observed that if a constitutive equation for the heat 
flux q employed in theories of second sound in dielectric solids is assumed to hold for large values of q, 
then thermodynamical principles require that the equation of state for the internal energy contain a term that 
is quadratic n q. Here the resulting field equations for unidimensional heat flow are studied. It is shown that 
they are compatible with the occurrence of oscillatory traveling waves containing discontinuities in
temperature and heat flux. The class of waves constructed contains limiting cases in which the heat flux and 
temperature exhibit small amplitude, high frequency, fluctuations about heir mean. Such a traveling wave 
would appear to an experimenter as a strong and nearly constant flow of heat in a nearly uniform 
temperature fi ld. 
1. CONSTITUTIVE RELATIONS AND FIELD EQUATIONS 
We are concerned here with unidimensional heat flow in a materially homogeneous rigid body. 
We suppose that an x-axis can be chosen so that (i) the only non-zero component of the heat 
flux vector q is its x-component, q, and (ii) not only q, but also the absolute temperature 6 and 
the internal energy density e (per unit volume) are functions of x and the time, t: 
4 = 4(x, t), e = 6(x, t), e = e(x, t). (1.1) 
For these unidimensional flows of heat, the law of balance of energy reduces to 
e, + qx = 0. (1.2) 
The constitutive relations behind Fourier’s classical theory of heat conduction take the forms 
4 =-K(e)& (1.3) 
and 
e = eo(6), i.e. e, = cO(6)0, with co= de,lde. (1.4) 
The values K(e) and co(O) of the response functions K and co are positive numbers; K(d) is often 
called the thermal conductivity coefficient; let us here call K(o) the steady-state thermal 
conductiaity and call co(B) and c,(e), respectively, the equilibrium energy density and the 
equilibrium heat capacity (at the temperature 0). 
In a now frequently cited paper published in 1948, Cattaneo[l] used an approximate 
molecular model (yielding results having some properties in common with a result of Maxwell in 
the kinetic theory of gases) to suggest that the constitutive relation (1.3) should be replaced by 
(1.5) 
with T(e), like K(e), positive. Cattaneo observed that when the relations (1.5) and (1.4) are 
placed in (1.2) and K, T, and co are taken to be constant,? the resulting field equations for tJ and 
‘Constancy of K. 7. and co was assumed throughout Cattaneo’s discussion. Of course, constancy of K and CO was 
assumed also by Fourier and usually is an appropriate assumption for classical problems involving nearly uniform 
temperature fi lds in materially uniform bodies. 
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q are not only linear, but also hyperbolic (and in fact, have the form of Kelvin’s “equation of 
telegraphy”) and hence are free from the “paradox of instantaneous propagation of thermal 
disturbances” known to be present in Fourier’s theory of heat conduction. 
In 1963 Chester[2] observed that current heories of the physics of heat conduction in pure 
dielectric rystals at low temperatures suggest that there can be a range of temperatures inwhich 
a relation of the form (1.5) holds approximately with the order of magnitude of K/T equal to 
fc0V2, where V2 is the mean-square phonon speed. Since then, several authors have proposed 
modifications and extensions of equation (1.5) that share with that relation the prediction of a 
finite speed for the propagation of thermal disturbances. 
Guyer and Krumhansl[3], in their study of the linearized Boltzmann equation for a pure 
phonon field, derived, for isotropic media in the Debye limit, a relation which in the uni- 
dimensional case reduces to 
qt + k q + f cOv2ex = g rNv2q,, (1.6) 
with co and V* as above and with Q and TN relaxation times for resistive and normal processes. 
Whenever 9’rNV2qn/5 is negligible in comparison to qr, q/TR, or coV2f&, whether because the 
temperature is such that TN is small or because qu is small, (1.6) reduces to (1.3) with T = Q 
and K = coV27,/3. Thus Guyer and Krumhansl’s method of integrating the phonon Boltzmann 
equation supplies a derivation of (1.5) for certain limiting circumstances. 
Heat-pulse propagation methods have been employed to show that essentially pure thermal 
disturbances can propagate with finite speed, in apparent accord with equation (1.5), in 
dielectric crystals in appropriate temperature ranges. Such experimental demonstrations of this 
phenomenon of second sound have been achieved for solid helium-4, (4He)[4], for solid 
helium-3 (3He)[5], for sodium fluoride (NaF) crystals of very high purity [6, 71, and for the 
semimetal bismuth (Bi)[dJ in a temperature range (1.2-4.O”K) in which it is essentially an 
electrical insulat0r.t 
The methods of modem continuum thermodynamics ( ee, e.g. [13]) can be employed to find 
the restrictions that the second law of thermodynamics places on the choice of constitutive 
relations for materials of the type under consideration here. In recent research [14, 151 done in 
collaboration with M. Fabrizio, we have found that the relation (1.5), with 7 and K nonzero, is 
compatible with thermodynamics only if (i) K is positive and (ii) the specific entropy 11, and the 
specific Helmholtz free energy + = e - 8q are not functions of 0 alone, but are instead given by 
functions t, $, and $ of the form 
e = ae, q) = co(e) + a(e)q*, 
3 = ;I(e, 4) = so(e) + b(W, 








tSolid helium is known to have exceptional properties, and Overton[9] has analyzed pulse studies of second sound in 
solid ‘He using a method that does not involve neglect of the r.h.s. of (1.6). He has pointed out that for ‘He neglect of that 
term may not be warranted. As second sound, when it occurs, is usually confined to a narrow temperature zone between 
the temperatures at which heat flow is diffusive and lower temperatures at which heat flow is ‘ballistic”, equation (1.5) is 
approximate. This transition-zone nature of the phenomenon is taken into account in the analysis of heat pulse data. (See, 
e.g. [7, 8, 10-121.) 
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the functions Z, +j, and $ obey the relations 
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which imp/y that the “equilibrium functions” e,,, rrO, and +,, obey the familiar formulae 
(1.13) 
(1.14) 
in which co(e) is the equilibrium heat capacity, deo(e)/de. 
It follows from (1.11) that e, in (1.2) is not given by the classical formula e, = c,(e)O, 
(employed in Refs. [l-12]), but instead is given by 
e, = c,(0)+ 4zde 1 L 0) 6 + wm,, I (1.15) 
and hence if one assumes the constitutive relation (1.5) one is led to the conclusion that the 
evolution of q and 0 is governed by the following nonlinear system of partial differential 
equations: 
evq, + 4 + aw, = 0, 
qx + cO(e)et + de 2. a(e)$e, + 2a(e)qq, = 0. 
(1.16) 
We shall report here some results in the theory of this system of equations. These results 
include a description of the regions in which the system is hyperbolic or parabolic. After we 
present implications for the functional form of z in (1.10) [and hence for a in (l.ll)] of 
experimental observations [6] of the speed of second sound in NaF crystals, we shall show that 
when the magnitude of q is large, the functions ? and ir in (1.7) and (1.8) cease to be monotone 
in e and hence there can be a range of values of 8 and q in which steady-state solutions of 
(1.16) are unstable; some traveling wave solutions that can then occur will be presented. Before 
turning to these matters, however, we want to observe that it is not difficult o calculate the rate 
of production entropy y along solutions of (1.16). Indeed, it follows from (1.2), (1.5), and items 
(i) and (ii) above that if K, T, and co are sufficiently smooth functions of 8, when at a given place 
and time, 0 and q are differentiable in x and t and 0 is not zero, the quantity y, defined by 
Y = 771 + Wo,, (1.17) 
exists and is given by the formula 
q2 
y=qijiY ’ (1.18) 
and hence is no? only non-negative but is positive if q is not zero. 
It is well known that in the classical theory of heat conduction based on the constitutive 
equations (1.3) and (1.4) one has y = q(l/e), = - q8X/t12, and because in that theory q = - Ke,, 
the relation (1.18) holds also. Thus, (1.18) can be looked upon as a result in the classical theory 
that holds also for the more general materials obeying (1.5). It should be realized, however, that 
in the present case in which T is assumed not zero, the classical formula y = - q0,102 does not 
hold when q is changing in time. 
?. SURFACES OF DISCONTINUITY AND CHARACTERISTIC SPEEDS 
Suppose that, at each x in some interval I, the constitutive equations (1.5) and (1.7) 
hold with not only K and T, but also co(= deo/de) and the quantity a, given by (1.10) and (l.ll), 
all continuously differentiable functions of 8. 
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Let us consider the case in which for some t* > 0 the fields 8 and q are continuous on I x (0, 
t*), but I x (0, t*) contains asmooth curve ei across which B,, 8,, q, and qX may have jumps although 
they are continuous on the complement of d. 
If, in a neighborhood of a point (x0, to) on 6, one describes 6by giving x as a function of t in 
such a way that (x(t), t) is on d, then the number, 
u = x’(t& (2.1) 
with x’ = dx/dt, is the velocity of d at (x0, to). The jump [f] experienced by a field f (such as 0,, &, 
etc.) as 6 “passes through x0 at time to” is 
IfI = lim f(xo, t) - lim f(x,, t). 
1-t; (2.2) t-.ti 
When [e,] # 0, the curve d is called a temperature-rate wave.+ 
In our work with M. Fabrizio[l4, 151 we have shown that the velocity of a temperature rate 
wave must obey a quadratic equationS which here becomes 
u2z(8) + qe, q) + u a - 
84 
e(d, q) = 1. (2.3) 
In this relation 0 and q are to be evaluated at the point (x0, to) on 6 at which the wave velocity is 
u, and, of course, z is as in (1.10). By (1.7) and (1.1 l), 
$ w, 9) = co(e) + 4 zd ,a(e)=co(e)-~q2~[e2~(~)] 
$ e’(e, 4) = 2q a(e) = - qe2-& (y). 
(2.4) 
(2.5) 
Let us assume now, in accord with statistical mechanics and all experience, that, for all 
8 >o, 
K(e)>o, T(e)>o, co(e)>o, debo. (2.6) 
It follows that even when da/de is negative (as it appears to be in practice), for each 8 > 0 there 
is an interval of values of q (symmetric about q = 0) throughout which aZ(fA q)/&I is positive. 
In fact, if 8 is such that da(Wd0 z 0, we have we, q)/ae > 0 for all q; if da(e)/de < 0, there is 
a (finite) positive number q* = q*(8), given by 
4*(e) = f co(e) J---? -&de) 
such that 
I > 0 for lql< 4*(a 
(2.7) 
(2.8) 
I < 0for Id> 4*(e). 
From (2.3)-(2,S) one may read off the following observation (see [9, IO]). 
tThe term was intoduced by Gurtin and Pipkin[l6], and the treatment of such waves in [ 141 drew on their observations. 
See also the papers of Morro[l7. 181 and Cattaneo’s study [I] of waves across which 8 and q and their first derivatives are 
continuous but their second derivatives suffer jumps. The discussion of temperature-rate waves in [14] was based on 
constitutive assumptions of greater generality than the present. 
SVid., equation (5.13) of [14] and (72) of [IS]. Analogous equations occurred in the work of Gurtin and Pipkin[l6] and 
Morro[l7, 181. 
Remark 
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Suppose either that da(e)/d6 2 0 or that )q) 5 q,(8), and define U,(& q) > 0 by the relation 
vote, d2 = de) $j ate, q)]-’ 
= K(e) (2.9) 
When q(xO, to) = 0, i.e., when a temperature-rate wave is propagating into a region in which 
q = 0, the speed (u( of the wave is given by 
Ju12 =U,(fl, 0)2 = K(e) 
T(0)co(e) * 
For q# 0 the equation (2.3) has a unique positiue solution u = U(e, q) 
we, 4) = me, 4)hm + de, 4)*) - de, 411 
with 
de, 4) = [ wwd~, 4) $ my 4)]-’ $ w, 4) 
= mW(e) 
w, da [de) + 4*$ a(e)] 
d 
22(e) - 8 ds t(e) 




Therefore, when, as is expected in practice, a(e) is positive, 
4 > 0 3 we, 4) < we, - 4). (2.13) 
The positive root of (2.3) is the speed of a temperature-rate wave propagating in the direction of 
increasing x, and hence (2.13) tells us that if heat is flowing in the same direction as the wave is 
propagating, then the wave is traveling more slowly than it would if it were propagating into a 
medium at the same temperature and with a heat flux of equal magnitude but opposite 
direction? 
In the limit of small values of q* and qq,, the system of first-order equations (1.16) takes the 
following form, linear in q: 
q, = - + q - 11 ex, 
1 
7 
8, = - ; qx. 
(2.14) 
It is not difficult to show that this linearized system is hyperbolic with the slope of its 
characteristic urves equal to + 0, where fi is a function of 8 given by 
(2.15) 
‘Elsewhere [ I.(]. we have remarked that Gurtin and Pipkin [I61 made an assumption that led them to a conclusion 
opposite to (2.13). 
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In other words, linearization in q of (1.16) yields a system of equations whose solutions give a 
finite value o(0) to the speed of propagation of thermal disturbances and, not surprisingly. 
o(0) is equal to the speed U,(t), 0) that the full nonlinear theory predicts for a temperature-rate 
wave in a region with q = 0. To date, experiments on second sound have been performed under 
circumstances in which the dependence of e, TJ, and 4 on q can safely be neglected; the values 
these experiments yield for the speed of the propagation of thermal pulses may be interpreted 
as experimental values of 0(e). 
Throughout he remainder of this article we shall refer to o(0) as the speed of second 
sound, although it is actually the speed of thermal disturbances in regions where q is small in the 
sense that the terms involving q* and qql in (1.16)? can be neglected. 
Let us return now to the full nonlinear system (1.16) and assume, in addition to (2.6), that for 
all 8 > 0 
da(e)/de < 0. (2.16) 
A standard argument can be used to show that the slope v = dxldt of a characteristic urve 
through a point x0 at a time to obeys the equation, 
h(e) $ ae, 4) + v $ w-8 4) = 1, (2.17) 
in which 0 and q are to be evaluated at (x0, to). This equation, which is valid for all f3 > 0 and all 
q, has the same form as the equation (2.3) for the speed u of a temperature-rate wave. 
When 0 and q obey the relation \q( < q*(0), (2.17) has two distinct real roots for v, one 
positive, v+, and one negative, v_, and the system (1.16) is hyperbolic. Clearly, in this case the 
slopes of the two characteristics through a point equal the two possible values of the velocity of 
a temperature-rate wave passing through the point, and v+ = U(0, q), shown in (2.12). As we 
observed above, when q = 0, u+ = o(e) and V_ = - o(e). 
When jql= q*(8), (2.17) reduces to 
v = [2a(e)q]-', (2.18) 
and the system (1.16) is parabolic with its single characteristic slope Y agreeing in sign with q 
and given by 
Let 
For g(0) # 0, put 
Ivl= l =- 1 J -$j a(e) 24eh,W We) c,(e) . (2.19) 
d 
g(e) = a(e)‘+ z(e) de a(e). (2.20) 
(2.21) 
For g(0) <O, we have q,(e) > q*(8), and at points (if there are any) in the (0, q)-plane with 
g(8) <O and lq( > q,(e), the system (1.16) is elliptic; at points with g(8) ~0 and 1q1= q,(e), the 
system is parabolic. At points with g(B)<0 and q*(8) c/q) -c q*(8), and also at points with 
g(0) 2 0 and lq/> q*(O). the system (1.16) is again hyperbolic, and (2.17) has two positive roots 
for v. 
In particular, the curve q = q*(8) separates two regions of the (0, q)-plane in which the 
system (2.17) is hyperbolic; on this curve, the system is parbolic. 
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3. AN ESTIMATE OF THE DEPENDENCE OF ENERGY ON FLUX FOR NaF 
The propagation of second sound in the (100) direction of solid NaF was unambiguousiy 
demonstrated and studied with precision by Jackson, Walker, and McNelly[6]t shortly after 
evidence for the onset of the phenomenon was obtained for NaF by McNelly et al., [ll]. The 
sample studied in Ref. [6] was a NaF crystal of exceptionally high purity having a length (in the 
direction of pulse transmission) of 8.3 mm and its maximum steady-state thermal conductivity 
occurring at 0 = 16.5 K with ~~~~ = 240 wattslcmPK (= 240 x 10’ ergs/seclcm”K), a remarkably 
high value of K,,,, indicating a crystal of extraordinary purity. In the temperature range from 
0 = 10” to 18S”K, heat pulses were observed with properties expected of second sound, i.e. 
expected of pulse-like solutions of the equations (2.15) (with T, K, and cn constant within each 
experiment, albeit functions of 8, and hence varying from one experiment to the next). The 
velocities of these pulses may be calculated by dividing the observed transit imes by the sample 
length (8.3 mm). If this is done, using for the transit time the time of arrival of the pulse peak 
(which is somewhat better defined than the leading edge of the pulse), the velocities obtained 
may be identified with o(e), defined in the previous section and there called the “speed of 
second sound”. 
In numerical work done in collaboration with A. C. Heinricher of this Department, we have 
found that the values of 0 so obtained from the experiments of Jackson, Walker, and McNelly[6] 
are well described by an empirical equation of the form 
@e>-‘= A + Be” (3.1) 
throughout the entire range, 10°K 5 0 I ISYK, in which second sound was observed by them. 
Values of the parameters A, B, and n that give an excellent fit are (for 0 in cm/set and 0 in 
“K):J 
n = 3.75, 
A = 9.51470 x 10-12, 
r 
(3.2) 
B = 3.35134 x lo-+. 
In accord with general experience for dielectric crystals at low temperatures, we here 
represent he equilibrium heat capacity as a function of the form 
co(e) = ae3. (3.3) 
We have found that the values of co computed for NaF by Hardy and Jaswal[201 are 
satisfactorily represented in the range 9°K s 0 I 18°K by settings 
(Y = 23 ergs/(“K)4. (3.4) 
When the relations (3.1) and (3.3) are placed in equation (2.15), there results an explicit 
expression for 2 = T/K, i.e. 
a2(e) = Ae-3 + Be”-3, (3.5) 
See also the analvsis of Jackson and Walkerf71. . - 
$Theoretical values of the velocity of “drifting” second sound (based on a method of solving the Boltzmann 
phonon equation. as explained in [19]) have been calculated, as a functjon of 6, for NaF by Hardy and Jaswal[ZO]. The 
results of those calculations (although not in accord with the values of U(6) obtained from the measurements of Jackson, 
Walker. and McNellv at temperatures below 18.5”K) also are well described, in the range 0-24°K. by an eauation of the form 
(3.1). albeit with different values of A. B, and n, namely n = 3.40. A = 2.4486 x 10-r’: and B = 2.&00 x’IO-‘~. In addition, 
the values of U(e) obtained by Narayanamurti and Dynes[6] for second sound in Bi (in the range 1.2 < 6 ~4.0) are in very 
good accord with (3.1) when n = 3.59, A = 9.0056 x lo-“, and B = 9.4775 x tO-‘4. 
&The molecular theory of the temperature-dependence of c,, indicates c0(6)/f? should decrease somewhat as 0 
decreases tozero. and for NaF should approach avalue of circa 22 ergs/(“K)4 inthe limit. The calculations of reference[20] 
yield cir( R)j fl = 22.56 ergsI( at 9°K and 24.24 ergs/l”K)J at 18°K. 
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and, by (1.11) and (1.12): 
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aa(8)=2AB +T 5 -4 5-n &y-4 , 
4-n 




We note that for n 54, a(0) and b(B) are both positive for all 0 > 0, and are monotone 
decreasing in 0 with da/de-, -03, dbld6 + - cQ as 0+0; in particular, for each 8 > 0, (2.7) 
yields a positive number q*(8) such that (2.8) holds. 
In view of (1.14), the relation (3.3) implies that, to within inconsequential constant erms: 
co(e) = j ae4, ~ow=fae3, +o=-$ae4. (3.8) 
Thus, by (1.7)-(1.9), we can assert he following remark. When (3.3) and the empirical relation 
(3.1) hold, 
qe, 4) = i ae4+ & [548-d+ (5 - it)Be”-4]q2, (3.9) 
7j(e, q)=fae3+& [4AB-’ + (4 - n)BB”-5]q2, (3.10) 
(3.11) 
and (2.7) yields 
q*(e) = 
ae4 
10A + i (5 - n)(4 - n)BV] 
l/2 f (3.12) 
Here, as in (2.8), for each fixed temperature 8, the number q,(g) is the value of 141 at which 
the nonequilibrium heat capacity G/a0 vanishes. For q fixed at q*(s), the function 0 H Z(e, 
q*(g)) has a minimum at 8 = 8, and it follows from (1.13) that the function 0 I+ $0, q*(g)) also 
has a minimum at 0 = 8. In fact, 
\<Ofor e=K 
f3 -$ i(e, q*(8)) = $ i(e, q*(g)) 
i 
= 0 for 8 = 6, 
>Ofor e>$. 
(3.13) 
The calculations for NaF shown in Table 1 and Figs. 1 and 2 are based on (3.12), (3.9), (3.10) 
and the parameter values listed in (3.2) and (3.4). 
Fig. 1 contains graphs of e vs 0 for four fixed values of q: q = 0, q,(8), q*(12), and 4,(16). 
Graphs of 7 vs 0 for the same values of q are given in Fig. 2. The equilibrium functions e. 
and qo, i.e. the graphs corresponding to q = 0, are shown as dotted curves, and the graphs of the 
functions e H i(& q*(g)) and 0 I+ ?j(e, q,(g)) for i = 8”, 12”, and 16°K are shown as solid 
curves. In both figures the solid curves rapidly approach the corresponding dotted curve, 
showing that for each fixed value of q, say 4, the departures of e(e, cf) and $0, 4) from the 
equilibrium values e,(e) and Ilo are, as expected, very small unless 0 is either less than or 
close to the temperature g at which q = q*(g)), i.e. at which ae’($, q)/SJ = 0. 
The loci of points at which &!/M = &j/M = 0, i.e., the graphs of the functions 8 * Z(0, 
q*(e)) and 0 H $0, q.+(0)) are shown as dashed lines in Pigs. 1 and 2. It follows from (3.9), 
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Table 1. Values of q*(O), 6,(e) and u,(O) calculated for NaF from available data for o(e) and c,,(O) 
A 
Bf'K) q*(B) 6*(O) v*(B) u(e) 
batts/cm2) (ergs) (cm/set) (cm/set) 
8 965 472.899 200,867 311,122 
10 2,354 2,661.097 195,665 296,184 
12 4,874 10,899.4 187,291 274,737 
14 9,009 35,824 175,468 248,679 
16 15,315 100,131 160,551 220,883 
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Fig. 1. Internal energy density versus temperature atfixed values of the heat flux according to equation 
(3.9): ’ ‘( q = 0; -, q = q,(8), q&12), and qJ16); ---, e(e, q,(e)) versus 8. 
(3.10) and (3.12j that these functions have the following properties: 
Em w, 4*w/eow = 2, 
e-4 
(3.14) 
lim 669, q,(e)h(ej = s/5. 
e-4 
(3.15) 
That is, in the limit of low temperatures, at equilibrium (q = O), the internal energy co(e) and 
entropy v,,(e) have l/2 and 5/8 of their respective values at states with the same temperatures 
but with fluxes q so large that the heat capacity X(6, 4)/a@ is reduced to zero. 
According to equation (3.12), the magnitude q* of the heat flux q required to make a;(@, 
q)/M vanish at the low end of the range of temperatures in which o(e) has been measured for 
NaF. namely at 0 = 10°K. is 2354 watts/cm2. One way to get a grasp of the physical significance 
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Fig. 2. Entropy density versus temperature at fixed values of the heat flux according to equation (3.10): 
. . . ..q=o.--. q = q,(8), q&10), and q,(16); ---, i(0, q,(8)) versus 8. 
of this value of q* is to inquire about the size of the temperature gradient 8, which would be 
required to yield q = q* in a steady state situation in which qr = 0 and (1.5) reduces to 
-1 
OX = I 4. (3.16) 
Jackson, Walker and McNelly[6] measured the dependence of the steady-state thermal con- 
ductivity coefficient K on temperature for the NaF crystal employed in their study of second 
sound. The value of K for that crystal at 10°K was approximately 100 watts/cm/‘K which yields 
about 24”K/cm for lfI,l when q is set equal to q*(lO) (i.e. 2354 watts/cm’) in (3.16). A 
temperature gradient of 2.4 degrees per millimeter is a very large one for a specimen at 10°K. The 
NaF crystal under consideration here was a very pure one, but let us suppose that (with the 
expenditure of great effort) one could prepare a crystal of somewhat greater purity such that K at 
10°K would be increased to, say, 240 watts/cm/OK (which is the value attained by the present 
crystal at 8 = 16.5”K where ~(0) = K,,, ). Then, equation (3.16) with q = q*( 10) would yield about 
lO”K/cm, or 1 degree per millimeter, for I&(, which may be a temperature gradient accessible to 
study at 10°K. It corresponds, of course, to a case in which a slab of 2 millimeter thickness has one 
bounding surface at 9°K while the opposite surface is at 11°K. 
In the following section we shall explore some consequences of the possibility that flows of 
heat with q of the order of q* are attainable, although they have not yet been realized in 
laboratory studies. We should first emphasize, however&hat because &?(0, q)/a@ is negative for 
q greater than q*(f)), a steady-state situation with q greater than q*(0) in a subregion of the 
body is intrinsically unstable. To render this assertion somewhat more precise, suppose that 
q = q(x), 0 = O(x) is a time-independent (i.e. steady-state) solution of (1.16) for - I 5 x 5 1. Then 
(1.16)* yields yX = 0, which here is the same as q = q”, and (1.16), becomes (3.16), implying that 
e(x) = A-‘(fqey - qox), (3.17) 
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A(e) - Ate”) = ~(6) di. 
R” 
(3.18) 
In special cases in which K can be treated as independent of 0, (3.17) reduces to 
e(x) = 80 - i 40x. (3.19) 
In general, if one investigates the stability of the solution (3.17) against solutions of (1.16) that 
preserve the temperature at the midpoint and the rate at which heat flows in and out of the 
body, i.e. that obey the conditions e(O, t) = 0” and q(- 1, t) = q(1, t) = q”, then one finds that 
there is an E = e(V, l)>O, such that for q”> q.+(P)- l (tY, I) the time-independent solution 
(3.17) is unstable. [Of course, this result rests on the relations (2.6) and (2.16).1 
As steady-state solutions with q close to q*(O) are unstable, we shall look for oscillatory 
traveling waves that yield time-average fluxes of heat of the order of q*(8). We shall see that 
such traveling waves can be constructed and have some remarkable properties. 
4. TRAVELING WAVE SOLUTIONS 
When the dependence of 0 and q on x and t is of the form 
where 




with v a constant, the fields 8 and q form a traveling waue, and the law of balance of energy 
(1.2) and the constitutive’ relation (1.5) become, respectively, 
and 
4 ’ = ve’, (4.3) 
q - 7(o)Vq’ = - K(o)o’, (4.4) 
where e is as in (1.7) and (*)I = d(*)/d& 
We here continue to assume (2.6) and (2.16). 
In view of (1.7), equation (4.3) can be written 
qf = vef 2 o(e, 4) + tq 
ae $ wt 4) 
= v c,(e) + -& a(e)42 8’ + 2uace)qq’. 
[ I (4.5) 
It is clear that for each value of t’ the system of ordinary differential equations described by 
(4.3) and (4.4) can be put in the normal form, 
8’ = fat 4; V) 
4’= fde, 9; 4, 1 (4.6) 
at all points in the (0, q)-plane except at those points (e,, qs), called special points, at which the 
equations (4.4) and (4.5) cannot be solved for 0’ and q’. As the equations (4.4) and (4.5) are 
linear in 0’ and q’, it is easily seen that, for each u, the special points are those that obey the 
equation 
t%e,) $ ae,, qs) + v & h(e,, qs) = 1. (4.7) 
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When considered an equation for t’ at a specified pair (e,, qS), equation (4.14) is the same as the 
equation (2.17) for the slope v of characteristics at places where 0 = eS and q = qs. Thus, for 
each L’, the special points (8,, qr) are the pairs (0, q) for which u equals a characteristic slope v. 
In view of (2.4) and (2.5), equatibn (4.7) can be written 
vzr(e,) ,,Je d a(e,)q:+ 2ua(e,)q, + 2(e,)tA,(e,) - 1 = 0, (4.8) 
and, when u is given, this equation is easily solved to yield qr as a function of 8,; of course, the 
function qS = q&e,) can have two branches. 
Now, equation (4.4) is satisfied with 8’ = 0 and q’ = 0 only if q = 0. Thus the only critical 
points of the system (4.3), (4.4) are on the line q = 0. 
As (4.3) yields 
4= 
with 6 a constant of integration, it follows 
be related by the equation 
i.e. 
ua(e)$ - 
v1ae, 4) + 61 (4.9) 
from (1.7) that on each traveling wave q and 0 must 
q + u[eO(fl) +S] = 0, (4.10) 




D(e) = 1 - 4t?a(e)[e,(e) t 81. (4.12) 
As we are assuming a(8) > 0 and e,(e) > 0 for all 0 > 0, if 6 2 0 there are no positive values of 
6 for which (4.10) yields q = 0, and hence for u # 0 the system (4.3), (4.4) has no critical points 
at all with 0 >O. 
It is clear from (4.11) that for the roots of equation (4.10) to form a simple closed curve in 
the first quadrant of the (0, q)-plane with emin =0, >O, 8,,, = t&> t$, and q,,,,“> 0, it is 
necessary that v be positive, and it suffices that, in addition to u >O, there hold 
D(e,) = D(e,) = 0 (4.13) 
and 
0 <D(e) < 1 for 8,~ e < e2. (4.14) 
When these conditions are met, and we therefore have, as in Fig. 3, a closed curve c along which 
q is positive and (4.10) holds, there are no critical points on c, and one might expect c to be the 
orbit of a classical (i.e. differentiable) periodic solution of the system (4.3), (4.4). But here a 
simple closed curve c in the first quadrant has no critical points in its interior and hence cannot 
simultaneously (i) be in a simply connected region free from special points and (ii) be the orbit 
of a classical periodic solution. Actually, as we shall see below, when the special constitutive 
relations of the previous section are employed, there are cases in which (4.10) yields closed 
curves t that intersect he locus of special points in a way that permits us to construct oscillating 
traveling waves in which q and e experience small jumps, and q fluctuates, rapidly but with 
small amplitude, about q*(8), while 0 fluctuates, also rapidly and also with small amplitude. 
about its mean value 6. 
In general, when c, the graph of (4.9), is a smooth closed curve in the (0, q)-plane, at the 
points where q attains its extremal values, qmin and qmax, we have dq/dt? = 0 in (4.9) and 
therefore &Z/la0 =0, i.e. at these points q = q*(e). 
When (3.3) and (3.6) hold (with of course A, R, and (Y all positive), and hence e is given by 
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(3.9), if we define F by 
F(O) = 8ed8Mf0, 
we have 




and, by (3.8), and (4.12), in the formula (4.11) for q there holds 
2ua(0) = ua-‘e-4F(e), (4.17) 
D(0)=I-~F(R)[I+4Sa-‘~-4]. (4.18) 
Here, for O< n 54 we have a(e)>O, da(tI)/d8 ~0 and for 6 2 0, we have D(e)< 1, implying 
that there are no critical points with 6 > 0. Moreover observations made above and an 
elementary calculation, based on (4.1 l), and (4.16H4.18) easily prove the following remark. 
Remark 
If 0 < n 54, then for any pair (f$, 0,) with 
o<e,<e, 
there is a unique value of the pair (v’, 6) such that (4.13) holds; in fact 
(4.19) 
S= 
a(5 - n)B[ez” - &“I 




2 5 4(5 - n)B[F(e,)e,-4e2” - F(e2)e2-4e,y 
7-mii02 20A[e1-4- ezw4] +4(5 - n)B[B,“-4- 82”-4] ’ (4.21) 
l?(O) = lim o(e) = A-“2. 
e-o4 
(4.22) 
If 1~ n ~4, then d2D/de2 < 0 and (4.14) holds. Thus when, as appears to be the case in 
practice, 1 s n I 4,t for each pair (e,, 0,) of temperatures a in (4.19), there is precisely one value 
of S and one positive value of v such that the locus of points (6, q) obeying (4.9) is a simple 
closed curue c in the first quadrant on which the maximum value of 8 is & and the minimum 
value is 0,; as 6 is given by (4.20), 
s >o; (4.23) 
and it follows from (4.21) and (4.22) that u is independent of cx and has the bound 
u2 <; ir(OJ2 (4.24) 
The points on c where q attains its minimum and maximum are ,points where c intersects the 
graph of the function q*(.). A special point (e,, qS) on c must be a point at which 
(4.25) 
where v(es, qp) denotes a value of the slope of a characteristic at a place where (6, q) = (&, qS). 
The hypotheses on n are sufficient but not necessary; for a broad class of choices of A > 0, B > 0. and n > 0 one can find 
intervals 1 for which (4.13) and (4.14) hold when 6, and 02 are in I. 




9.994 9.998 IO.002 10 006 
Fig. 3. Locus r of points in (0, q)-plane obeying (4.10) with u as in (4.26) and 6 as in (4.27): -, r; . ., special 
points; ---, q* versus 8. 
The calculations we now discuss were performed using the values of A, B, n, and LY shown 
in (3.2) and (3.4) and were carried out in collaboration with A. C. Heinricher. 
When 8, = 9.995”K and 02 = lO.OOS”K, the equations (4.21) and (4.20) yield 
u = 195,665 cmlsec, (4.26) 
S = 2661.093 ergs, (4.27) 
and when these values are employed, the equations (4.11) and (4.16)-(4.18) yield, in accord with 
the remark made above, a simple closed curve c in the (0, q)-plane; this curve is drawn with a 
solid line in Fig. 3, where the locus of special points (e,, qS> for u = 195,665 cmlsec is drawn as a 
dotted line [only one branch of that locus occurs in the part of the (0, q)-plane that appears in 
Fig. 31, and the locus of the points (0, q*(8)) is drawn with long dashes. It will be noticed that 
each of the dashed curves intersects c twice. As expected, the graph of the function q* 
intersects c at the maximum and minimum values attained by q on c. The points of c below 
(above) the graph of q* are in regions of the plane where the “nonequilibrium heat capacity” 
Z/la0 is positive (negative). 
The locus of special points divides c into two curves, cl and c2, on which the differential 
equations (4.3) and (4.4) can be written in normal form. The arrows show the direction of 
evolution relative to - 5 (i.e. in real time t at fixed x) of the solutions of (4.3), (4.4) along 
the trajectories c, and cl. There are no critical points on C, and the directions of evolution on cl 
and c2 conflict at the special points (I) and (II) where c, and c2 meet. It is clear that there is no 
classical solution of (4.3), (4.4) with I as its orbit. However, one can construct discontinuous 
traveling waves in the following way. If one solves the equations (4.3), (4.4) starting at a point 
on, say, c,, the solution will evolve along c, until the point (I) is reached, at which instant 
(without apparent conflict with our constitutive assumptions or the law of balance of energy), a 
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jump can occur from the point (I) to the point (II), from which point two solutions of (4.3), (4.4) 
exit, either one of which, in principle, can be followed. If the solution along t, is followed, the 
process can be repeated ad infinitum to farm a periodic traveling wave for which 0 and q, as 
functions of ut at fixed x, are as shown in Fig. 4. One can construct similarly periodic traveling 
waves that follow the curve c2 from (II) to (I) after each instantaneous jump from (I) to (II); 0 and q 
are shown as functions of ut for such waves in Fig. 5. At present it is not clear whether either of 
these envisaged periodic traveling waves is stable or whether one is more likely to occur than the 
other. We may note that in this numerical example ach point of the body spends agreater amount 
of time in states with ae’lae negative in a wave following c2 than in a wave following c,. Of course, if 
the two components of c issuing from the point (II) are both regarded as likely paths, then one may 
consider oscillatory but not necessarily periodic traveling waves in which c, is followed at some 
times and t? at others. The traveling waves constructed from the curve r in this way show 
oscillations in 0 of the order of 0.01% about he central value of 8 (here 10.00 K) and oscillations in 
q of the order of 0.4% about q.Jl0.00) = 2354 watts/cm2. Waves involving smaller or larger 
oscillations can be constructed, and trajectories in the (8, q)-plane corresponding tosome of these 
will be given below. To make a graph of such a trajectory the only constitutive information eeded 
is that given by the material functions c0 and z = T/K, for these functions determine all thecurves 
shown in Fig. 3 once 8,i, and 8,,, ( ore q uivalently u and S) are specified. However, to determine q
and 0 as functions of time or place along the paths cl and c2. one needs, in addition to z, either K or 
T. 
The plots of q and 8 versus ut at a fixed value of x shown in Figs. 4 and 5 are for periodic 
traveling waves obeying (4.26) and (4.27) and were made by integrating equation (4.4), i.e. 
d5 = ; (ZV dq - de), 
along the curve c, (in the case of Fig. 4) and along c2 (in the case of Fig. 5), with c, and c2 as in 
Fig. 3. The discontinuities hown in Figs. 4 and 5 correspond, of course, to jumps from the 
point (I) to the point (II) in Fig. 3. The scaling of the abscissa in Figs. 4 and 5 is proportional to 
the employed value of K; the figures were drawn using the value 240 watts/cm/‘K for K, which 
implies that each oscillation (i.e. each period for periodic waves) occurs in a time interval 
At = 1.171 x 10e9 set and in a traversal distance Ax = uAt = 2.291 x lo-“cm when the path c, is 
followed, and in a time interval At = 1.166 x 10e9 set and traversal distance Ax = 2.281 x 10e4 cm 
when the path c2 is followed. If we had taken for ~(10) the experimentally observed value of 
100 watts/cm/K, we would have had At = 4.878 X lo-” set and Ax = 9.545 x lo-‘cm for the path 
c,, and At = 4.857 x lo-” set and Ax = 9.5031 x IO-‘cm for the path c2. 
We have seen that for traveling waves constructed from Fig. 3, the fluctuations in 0 and q 
from Band q,(6), with s= lO.OOK, are not only of small amplitude but are also extremely rapid. To 
an experimenter, such a wave, unless subjected to very refined study, would appear as a steady 
flow of heat at a high flux (namely, q&IO) = 2354 watts/cm2) in a nearly uniform temperature 
field (at lO.OO’K). 
For the value of c we have been considering, namely that in (4.26), the locus of special 
points intersects the graph of the function q* at a point (4, q*(8)) with e a temperature very 
close to precisely 10°K. If we maintain u at this value, but vary over 6 over an appropriate 
range bounded above by a number 6, given by 
s, = *- iye; q*(8)) 
1 
= 4a(e)u2- e0(& (4.29) 
i.e. 
S* = 2661.0973 ergs (for e = lOoK), (4.30) 
it will be found that for each 6 equation (4.11) yields a simple closed curve c resembling that 
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Fig. 4. Periodic traveling waves following the path cl of Fig. 3: (A) 0 versus ot for fixed x; (B) q versus ~;t 
at fixed x. 
figures are the locus of special points [for u as in (4.26)] and the locus of the points (8, qw( 0)). Each 
of these loci has two points in common with each closed curve calculated from (4.11), and each 
such closed curve contains the point (8, q*(s)) in its interior. One will notice that the scaling of 
the axes is not the same in Figs. 3, 6, and 7, and that in Fig. 7 the portion of the (0, q)-plane 
portrayed is large enough to bring into view both branches of the locus of special points. Now, 
as 6 increases towards 6, the closed curves determined by (4.11) gradually decrease in size, and 
in the limit these curves become indistinguishable from the single point (3, q*(8)); i.e. for fixed 
u, as S approaches S, the extreme values of 8 and q on the graph determined by (4.11) obey 
(4.31) 
Thus, for a given value of 0 one can find traveling waves that are (in the uniform topology for 
8 and q as functions of x and t) close to a steady flow of heat with q = q*(8). When the closed 
curve c is contracted to a point in this way, the transit ime At along the curve from one special 
point (II) to the other (I) becomes independent of whether the path c, or the path r2 is followed 
and, in the limit, approaches zero linearly in Ati = emax - emi,,. Numerical integration of (4.28) 
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Fig. 5. Periodic traveling waves following the path r2 of Fig. 3: (A) 0 versus IX; (B) 9 versus of. 
along curves such as those shown in Fig. 6 shows that when e’ in (4.31) equals lO.OO”K 
lim I=4.9x 10-“~, 
A&+0 A6 
(4.32) 
where K (in watts/cm/“K) is to be evaluated at lO.OO”K. (In the limit of small At?, K is essentially 
constant on c, and Cz, and the transit times are proportional to K.) 
Thus, for a given value of 0 one can find traveling waves in which the temperature and the 
heat flux, as functions of x - ut, oscillate rapidly but with such small amplitude that, in the 
uniform topology, 0 and q are close to the constants 0 and q*(e). Because the trajectory in the 
(0,. q)-plane of each traveling wave contains points (e,, qs) where the slope v(&, qS) of a 
characteristic equals the wave speed t’, in the present limiting case for which the orbit reduces 
to a single point, (0, q*(8)), the limiting wave speed v* must equal v(& q.+(8)). But at a point 
where q = q*(8) our original partial differential equation has a single characteristic with its 
slope given by (2.18). and, therefore, in the limit under consideration we have 
t’* = u*(e) = [2a(e)q,(e)]-1. (4.33) 
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the (0, q)-plane obeying (4.10) with u as in (4.26) and 6 at the indicated 
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Fig, 7, points in (0, q)-plane obeying (4.10) with v as in (4.26) and 6 at the indicated values: _I C; ‘1 
special points; ----, q* versus 0. 
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For these limiting waves, (4.9), (1.7) and (2.7) yield forthwith the relation (4.29) for the 
corresponding value 6, of 8, and if we substitute v*(6) for v in (4.29), we find that for each 
8 >o, 
8, = S,(0) = a(8)q: - e,(e). (4.34) 
Some values of u*(0) and 8,(e), based on these general equations and the special constitutive 
relations we have explored for NaF, are given in Table 1. The values of o(e) shown in that 
table are those obtained from the empirical relations (3.1), (3.2). Near lO”K, the ratio of the 
traveling-wave speed u* to the “second-sound speed” 6(0) is approximately 2/3. 
The upper bound for t’ obtained by putting (4.22) and (3.2& into (4.24) is 205,037 cm/set; in 
view of the values of u* at 8°K and 10°K shown in Table 1, this upper bound appears to give a 
surprisingly good estimate of u*(O) at low temperatures. 
SUMMARY AND DISCUSSION 
In earlier work it was observed that thermodynamical principles require that if the 
constitutive quation (1.5) is accepted for large values of q, then the classical equation of state 
(1.4) must be modified so that e is given by (1.7). We have here shown that the field equations 
for 0 and q resulting from use of (1.5) and placement of (1.7) in the law of balance of energy 
have some remarkable properties, even though they are compatible with thermodynamics. In
particular, one can find a class of oscillatory traveling waves that exhibit discontinuities in 0 
and q. In these waves, which occur only when 141 is so large that -d/de a(6)q2 is comparable 
to c&0), q fluctuates about q,(g), where 8 is a temperature between emi,, and emsx. The extremal 
temperatures of the oscillations, emin and emax, can be selected and their values determine the 
velocity c of the wave: the sign of u agrees with that of the values of q in this wave. When 
e max - emin is small compared to emin, the fluctuations in 6 and q in these traveling waves are of 
high frequency and small amplitude (relative to their mean), and q is uniformly close to q,(a). 
This phenomenon of strong, nearly constant, heat flow at nearly uniform temperature has not 
yet been observed. If a laboratory demonstration of it were achieved, the phenomenon would 
have certain superficial features in common with the quite distinct phenomenon of electrical 
superconductivity exhibited by many metals at low temperatures. 
We are not certain that the oscillatory traveling waves we have constructed here are stable, 
and it appears to us important o lo,arn whether they can be realized in the laboratory. 
If it were to turn out that such waves cannot be realized, it would be because ither (i) they 
are unstable, (ii) (1.5) fails when q is large, or (iii) the technical diaculties of maintaining 
sufficiently high values of q at low 0 cannot be overcome. We hope that an experimenter will 
pursue the matter. 
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